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A NETWORK OF CONGRUENCES ON AN INVERSE SEMIGROUP!
BY
MARIO PETRICH AND NORMAN R. REILLY

ABSTRACT. A congruence p on an inverse semigroup § is determined uniquely by its
kernel and its trace. Denoting by p™" and p,y;, the least congruence on S having the
same kernel and the same trace as p, respectively, and denoting by w the universal
congruence on S, we consider the sequence w, @™, w i, (@™™) o (Wmin) ™" ...
These congruences, together with the intersections of corresponding pairs, form a
sublattice of the lattice of all congruences on S. We study the properties of these
congruences and establish several properties of the quasivarieties of inverse semi-
groups induced by them.

1. Introduction. Congruences on inverse semigroups deserve a careful study for
several reasons. To start with, congruences on any semigroup provide some informa-
tion about its homomorphic images, thereby occasionally illuminating the structure
of the semigroup itself. Secondly, some of the most important structure theorems for
inverse semigroups are based on the knowledge or a simple characterization of some
special congruences on the semigroup, notably the least group or semilattice con-
gruence. Thirdly, the study of various types of congruences on a general inverse
semigroup provides a certain amount of information about their possible structure as
well as making it possible to single out various classes of inverse semigroups of
particular interest. Finally, a determination of all congruences on some inverse
semigroups of known structure provides further insight into their nature.

The present study consists of an initial investigation of properties of congruences
on an arbitrary inverse semigroup which are obtained by a recursive process based
on the concepts of the kernel and the trace of a congruence. Specifically, we proceed
as follows. Let S be an inverse semigroup and p be a congruence on S. Then ker p,
the kernel of p, is the set of all elements of S p-related to idempotents, and tr p, the
trace of p, is the restriction of p to the idempotents of S. We denote by p™" the least
congruence on S having the same kernel as p, and by p,,, the least congruence on S
having the same trace as p. Starting with the universal congruence w on S, we form
two sequences:

w2 @min 2 ((‘)min)mm 2 ((wmin)mm)min 2 ...
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310 MARIO PETRICH AND N. R. REILLY

These congruences, together with the intersections w;, N ©™?, (w
(w™m™) ......, form a sublattice of the lattice of all congruences on S.

We study this sublattice, in considerable detail. The quotients {S/w.;,},
{S/w™m},..., as S runs over all inverse semigroups, form quasivarieties, some of
which are well known. Indeed, w,, = 0, @™ =7, (W)™ = 7, (@™™) 0 = 7,
((wmi“)mm)min = & are, respectively, the least group, semilattice, E-unitary, semi-
lattice of groups, and strongly E-reflexive congruence on S. We thus are able to
include these well-known and remarkable congruences on S into a system which, of
course, continues indefinitely.

It is hoped that further properties of the min network can be established, for
example, a simple system of implications for the resulting quasivarieties. For we
have the feeling that what we have achieved is only the tip of an iceberg. One can
analogously consider the sequence of congruences which start with the identical
relation and recursively take p™** and p,,,, defined as the greatest congruence on S
having the same kernel or trace, respectively, as p.

)min N

min

2. Background. Throughout S denotes an arbitrary inverse semigroup with the
semilattice E of idempotents.

We will adopt the notation and terminology of Howie [2], to which the reader is
referred for basic information and results on inverse semigroups. For an arbitrary
inverse semigroup 7, we denote by FE, the semilattice of its idempotents. A
congruence 7 on E is a normal congruence if

erf=a'eatra 'fa (e,fEE,a€ES).

It was observed by Reilly and Scheiblich [10] that the restriction of any congruence p
on S to E is a normal congruence on E called (see Petrich [8]) the trace of p and
denoted by trp. It was shown in [10] that the relation € on the lattice A(S) of
congruences on S given by

plretrp=trr

is a congruence such that each class is a complete modular sublattice of A(S).

LEMMA 2.1 [10, THEOREM 6.2]. Let T be a normal congruence on E. Then the relation
o, defined on S by

ao b < ae=be, forsomee€ E,eta 'atb”'b

is the smallest congruence on S such that tro, = 7.

For any congruence p on S, Scheiblich [11] defined the kernel of p, which we will
denote by ker p, to be

kerp = {a € S|apeforsomee € Eg})

and showed how p can be reconstructed from its kernel and trace.

LEMMA 2.2 [11, THEOREM 2.1]. Let p be a congruence on S. Then
apbealatrpb 'bandab ' € kerp.
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Green [1, Theorems 3.3, 3.4] studied the mapping p — kerp and, among other
things, proved that for each congruence p on S, there exists a minimum congruence
on S having the same kernel as p.

Notation 2.3. For any congruence p on S, we denote by p™" and p_,,, the minimum
congruence § on S such that ker § = kerp and tr @ = trp, respectively.

With this notation, we have from Green [1, Theorem 3.8]:

LEMMA 2.4. If p is a congruence on S, then p = p™" \/ p ..

Throughout the paper we will be interested in various classes of inverse semi-
groups. In general these will not be varieties but quasivarieties. A quasivariety is a
class of algebras defined by a family of implications of the form: u, = v, (a € 4) =
u = v. For instance, the class of inverse semigroups for which JC is a congruence
may be defined as the class of inverse semigroups for which xx~!' = x 7 'x = xyy ™!
=y 'x

A congruence p on S is idempotent separating if e* = e, f*> = fand e p fimply that
e = f. Equivalently, p is idempotent separating if and only if p C JC. On the other
hand p is idempotent pure if kerp = E; such congruences were called idempotent
determined congruences in [1].

Certain specific congruences figure prominently in our discussions. We denote by
w, 0,1, v, m, u and 7 the universal, minimum group, minimum semilattice, minimum
semilattice of groups, minimum FE-unitary, maximum idempotent separating and
maximum idempotent pure congruences on S, respectively.

For any relation p on S, we will write p* for the minimum congruence on S
containing p. We will write

E{ = {a € S|ae=ea,foralle € E}

and denote by [p, §] the sublattice of A(S) consisting of those congruences § with
p C 0 C ¢ We also adopt the convention that, for any x, y € S, xy° = x.

3. Preliminary results on implications in inverse semigroups. The observations of
the next lemma will be used frequently.

LEMMA 3.1. For any congruence p on S, the following statements hold.
(1) §/p is an idempotent separating homomorphic image of S /ppin-
(2) S/p is an idempotent pure homomorphic image of S /p™™.

PROOE. (1) The mapping
P SPmin >0 (SES)

is evidently a homomorphism of S/p.;, onto S/p. Let e, f € E and assume that
(€Pmin)P = (fPmin)®- Then ep = fp so that e p f. But then e p,,,, f since trp = trp,,
and thus ep;, = fo...,- Consequently ¢ is idempotent separating.

(2) The mapping

Y:isp™ >sp (s E€S)
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is clearly a homomorphism of S/p™" onto S/p. Let a € S and e € E be such that
(ap™™)y = (ep™")y. Then ap = ep and thus ape. It follows that ap™™e since
ker p = ker p™", and hence ap™" = ep™". This shows that ¢ is idempotent pure.

Underlying much of this paper is the fact that implications can be pulled back
under certain kinds of homomorphisms to related implications.

LEMMA 3.2. Let ¢ be a homomorphism of S onto a semigroup T.

(1) If @ is idempotent separating and T satisfies the implication {u, = v}, c 4 =W
€ E, then S satisfies the implication {u, = v,},c4 =W € E§.

(2) If @ is idempotent pure and T satisfies the implication {u, = v,}oeq =W € Ef¢,
then S satisfies the implication {u, = v,},c4. € € E = ew 1 we.

PROOF. (1) Assume that {u, = v,},c, is valid in S. Then for any substitution of
variables in u, and v,, we obtain u, = v, and, hence, by applying ¢, we get
up = v,e. Hence we may consider the last equation as a law in 7. Then
{49 = 0,@)ac4 15 valid in T, and the hypothesis yields wp € E,. For any e € E,
we get (wp)(e@) = (e@)(we) so that (we)p = (ew)p. But then we JC ew since ¢ is
idempotent separating and, hence, the congruence it induces is contained in 3. It
follows that (we)(we)™' = (ew)(ew) ', whence wew ' = eww™ !, which gives we =
ew. Consequently w € E¢ as required.

(2) Assume that {u, = v,},e 4 i1s valid in S. Then {u9 = 0,9}, is valid in T
and the hypothesis gives wep € E;{. But then (we)p = (ew)o for all e € E which
implies that we 7ew for all e € E since ¢ is idempotent pure so that the congruence
induced by it is contained in 7.

Certain implications figure prominently in this paper and we gather some basic
observations about them in the following theorem. We denote by B, the Brandt
semigroup of rank two with trivial structure group.

THEOREM 3.3. For an inverse semigroup S, the following statements are equivalent.
(1) For some positive integer n > 1, y"*! = y" = 2 = .

(2) For all positive integersn > 1, y"*!' = y" = y2 =y,

(3) For some positive integern > 1, y" "' = y" =y € E¢.

(4) For all positive integersn > 1, y"*!' = y" =y € E{.

(5) S does not contain a subsemigroup isomorphic with B,.

PrOOF. Clearly (2) implies (1). Suppose that y"*!' = y" = y2 = y for some integer
n. Let x™*! = x™, for some x € S and some positive integer m. If m = n, then
x? = x as required. If m < n, then x"*! = x™*!x"™™ = x™x"~™ = x" and so again
x? = x. Now assume that n < m. Since x x™ it follows that x™ = x*, for all
k= m.

Let r be the least positive integer such that x” = x*, forallk = r. Letp = [r/2] + 1
where [r /2] denotes the integral part of r/2. Since 1 < n, it follows that (x?)"*' =
(x7)". By hypothesis, (x”)?> = x?, from which it easily follows that x” = x* for
k =p. Since p <r unless r = 1 or 2, we must have p = 1 or 2. Hence x"*' = x"
and, by hypothesis, x> = x, as required. Thus (1) implies (2) and they are equivalent.

m+1 —
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Now suppose that, for some positive integer n, y" "' = y”" =y € E{. Lety € S be
such that y"*! = y". Since y € E¥, it follows that y lies in a group J-class. But in
any group y"*! = y" implies y = y. Thus the implications

L= pn 2=,
are clearly equivalent. Hence it follows that (1)-(4) are equivalent.

We now show that (2) implies (5).

Since y® =y? is a law satisfied by B, and not every element of B, is an
idempotent, it follows that if S satisfies (1) with n = 2, then it cannot contain (an
isomorphic copy of) B,.

Finally, we show that (5) implies (1), with n = 2. Suppose that y € S is such that
y =yrbuty?#y Let T={y, y ', yp~ ', y~'y, ?}. We show that T is isomor-
phic to B,. First we must show that the five elements are all distinct.

If y =y~ 'then y? = y3 = yyy = yp~ 'y = y, a contradiction.

If y = yy~ ! then y> = yy~'y = y, again a contradiction.

Continuing in this way one can verify that all five elements are distinct. We shall
complete the proof if we can show that all products of the form yy, y~'y~!, y(yy™"),
y~Y(»~'y) and all products involving y? (but not products of the form (yy~')y) are
equal to y?, so that y? is the zero of 7.

Since y3 = y2, we have y* = y3 = y? and so y? is an idempotent. Hence y2 =
(y?)"! = y~2 Also, for example,

n+1

y =y'=y€E{ and y

™) =y =y =y ) = T =0
All other products of this type can similarly be reduced to y2. Hence T is isomorphic
to B,.

Thus if S does not contain B, and y € § is such that y*> = y2 then we must have
y? = y. Therefore, the first statement is verified and the proof of the theorem is
complete.

According to McAlister [S, Lemma 2.9], the semigroups in the above theorem
coincide with the E-reflexive inverse semigroups of O’Carroll [7].

Notation 3.4. Much of this paper relates to semigroups satisfying the implications
of Theorem 3.3. Since they are all equivalent, we will work with the simplest and will
denote it by (P):

(P) y=yi=yr=y.
If p is a congruence on S such that S /p satisfies (P), we will call p a P-congruence.

Since such implications define quasivarieties we provide the following consequence
of Theorem 3.3.

COROLLARY 3.5. Let C be the quasivariety of inverse semigroups defined by the
implication (P). Then S belongs to C if and only if B, is not a subsemigroup of S.

4. Characterizations of v, (Ymin)™" a0d ((Yiin)™™)mine We will now develop
characterizations of the three congruences ¥, (Ymin)™" and ((Yoin)™") i, for any
congruence y on .S, where for the last two, y is also a P-congruence.

min
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From the definition of vy,,;, as the minimum congruence with the same trace as v,
the following lemma is a straightforward transcription of Lemma 2.1.

LEMMA 4.1. If v is a congruence on S, then

Ymin = {(a,b)|a”'ayb™'band ae = be, for some e ya 'a}.

Notation 4.2. In order to simplify the notations we will sometimes write vy, for
(Ymin)™" and 3 fO1 ((Yinin)™ ) min-

THEOREM 4.3. Let n be a positive integer and let vy be a P-congruence on S. Then
(Ymin)™" is the minimum congruence p on S such that

(Q,) " exy" L xyy = yipy.

PROOF. Since y is a P-congruence, it satisfies the implication (Q,), by Theorem
3.3. Clearly the intersection of any family of congruences satisfying (Q, ) is again a
congruence satisfying (Q,,) and so there is a minimum such congruence.

Let p be any congruence on S such that kerp = ker y,,;, and p C y,,;,- Let x,
y € S be such that xp" p xy" "' and x y y. Then p C v,,,, C v implies that y"* 'y y"
which, by (P) and Theorem 3.5, implies that y? y y. Since v/¥,,, is an idempotent
separating congruence, it follows that xvy,,;, and yy,,, lie in the same group J(-class
in S/y,;,. But xp" v, xy" ' and so y¥,,, must be the idempotent of that group
JH-class. Since y,,;, and p have the same kernel, it follows that y2 p y.

Thus every congruence which is contained in vy, ;,, and has the same kernel as y,;,
satisfies (Q, ). In particular, v, = (y,,,)™" satisfies (Q,,).

Now let p be the minimum congruence satisfying (Q,). By the above p C v,.
Hence kerp C ker y, and, by the definition of-y, as the minimum element in its
kernel class, it suffices to show that kerp D ker v,.

We have

ker v, = ker(Ypn)™" = ker Yo
= {a|ae = e, for somee> = eya 'a}.

Lete? =eya 'aand ae = e. Then e ya and a”e = a" 'e while e ya ™ 'a y a. Since p
satisfies (Q,), a’ p a. Thus a € ker p, as required, and p = (Y,in ymin,

In the next two lemmas we provide some further information on congruences
satisfying the implications (Q,,).

LEMMA 4.4. Let v be a P-congruence on S. Let p be a congruence on S such that
P C Ymin- Then the following statements are equivalent.

(1) There exists a positive integer n such that p satisfies (Q,,).

(2) For all integers n, p satisfies (Q,,).

3) £ € [(Ymin)™™ Yonin -

Proor. Clearly (2) implies (1). Let n be a positive integer such that p satisfies
(Q,). By Theorem 4.3, (y,,;,)™" is the minimum such congruence and so (3) holds.
Thus (1) implies (3). Now suppose that (3) holds and let n be any positive integer.
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n—1 n+1

Let x, y be such that xy”" pxy and xyy. Since p C v, €V, ¥"" vy" By
hypothesis, y* v y. Since y/y,,, is an idempotent separating congruence and xy =
yy =2y, it follows that xy,;, and yy,;, belong to the same group J(-class in
S /Yenin- SINCE P C Ypins We also have xy” v, xy" ™' which implies that yy, ;. is the
identity of the subgroup to which it belongs. Thus y € ker y,,;, = ker p. Therefore
y%p y and p satisfies (Q, ), as required.

LEMMA 4.5. Let y be a P-congruence on S. Then any congruence p € [Y,ins Y1
satisfies (Q,,) for all positive integers n.

PROOF. Let x, y € S be such that xy” p xy"~' and x v . Since p C y, we have that
y"*lyy" and so, by hypothesis, y?yy. Now y/y,,, is an idempotent separating
congruence and thus so also is y/p. Therefore xp = yp = (yp)? must lie in a group
J(-class of S/p. But this, combined with xy" p xy"~', clearly implies that y2p y.
Hence p satisfies (Q,,).

Notation 4.6. The implications (Q,), which figure in the characterization of
(Ymin)™™ in Theorem 4.3, were shown to be equivalent in Lemma 4.4. In view of this,

we will henceforth work with the simplest one, viz. with (Q,), and denote it as (Q):
Q) xypx,xyy = y’py.

It will be shown in Lemma 4.13 that if y is a P-congruence and p satisfies (Q),
then p also is a P-congruence.
The next result provides a characterization of ((¥,in)™")min-

THEOREM 4.7. Let y be a P-congruence on S. Let n be a positive integer. Then
Y3 = (Yo )™™ ) in i the minimum congruence p such that

(R,) xy"pxy" ', xyy,e EE = eyp ye.

ProoF. By Theorem 3.3, y satisfies (R, ) and it is clear that the intersection of all
the congruences satisfying (R,) is another such congruence. Hence there is a
minimum such congruence, which we denote by 6. Our task is to show that § = vy;.

First let p be any congruence such that p C v, and with the same trace as v,. Let
x, y be such that xy" p xy" ! and x y y. Then xp" vy, xy and x yy. By Theorem
4.3 we have y?y, y. Since v,/p is an idempotent separating congruence on S /p, it
follows that yp must be contained in the centralizer of the idempotents of S/p.
Therefore p satisfies (R,,). Since y; satisfies the hypothesis on p, we have that vy,
satisfies (R ). Hence 6 C v;.

In order to establish the converse inclusion, it will suffice to show that # and v,
have the same trace, since the definition of y; will then imply that y; C 6. We will
accomplish this by showing that there exists a congruence p on S such that

(@) 8 Cp;

(b) 8 and p have the same trace;

(c) p satisfies (Q).

n—1
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For such a congruence p we will have

try, =try; D trf, sincef C v;,

=trp, by(b),
Dtry,, by Theorem4.3.

Hence, trp = tr y, = tr y,, as required.
We will establish the existence of p by means of a sequence of lemmas.

LEMMA 4.8. Let T = S /8 and & = v /6. Then 8 is a P-congruence and
(K) xp"=xy"" ' x8y,e €E; = ey =ye.

PROOF. Let y = bf. Then y* & y* implies that (b8)> 8 (b8)* and so b y b>. By our
assumption about v, it follows that b* y b and so y2 = (b6)* 8 y = b@. Therefore 8 is
a P-congruence on T.

To see that (K) is also satisfied, let x = af and suppose that xy" = xy"~ ! and
x & y. Then ab” @ ab” ' and a y b. By the definition of 6, it follows that eb 6 be, for
alle € E. Hence zy = yz, forall z € E;.

Since the notation would be extremely cumbersome if we were to construct the
desired congruence p on S directly we will, in fact, construct a congruence on T,
which will be easier to describe since it will be idempotent separating on 7, and will
then pull it back to S.

In the next lemma, we show that if the congruence that we construct on T has
suitable properties, then it will lift to S to give us a suitable congruence on S.

LEMMA 4.9. Let 1 be an idempotent separating congruence on T such that
(L) xy"rxy" L x8y = yiTy.

Let p be the congruence on S such that T = p /0. Then p satisfies (a), (b) and (c) in the
first part of the proof of Theorem 4.7.

PrROOF. From the definition of p, we must have 8 C p and so (a) is satisfied. Since
T = p/8 is idempotent separating, (b) is satisfied. Finally, let x, y € S be such that
xy"pxy" " and xyy. Then (x8)( y0)" 7(x0)(y8)" ' and (x0)8(y8). By (L) we
have (y6)> 7(y8) and so y? p y. Thus (c) is satisfied and the proof is complete.

In order to complete the proof of Theorem 4.7, it therefore only remains to
establish the following lemma.

LEMMA 4.10. There exists an idempotent separating congruence T on T such that (L)
holds.

PROOF. Foreache € E = E, let
N,= {a € H,| fa = f, for some fd e}

e

and let N= U{N,| e € E}. We wish to show that this is the kernel of an
idempotent separating congruence on 7. By Scheiblich [11], it suffices to show that
N satisfies the following three conditions:

()ECNCES;
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(2) N is an inverse subsemigroup of T;

(3) N is self-conjugate, that is, x 'Nx C N, for all x € S.

That E C N is clear. Also, a € N, implies that fa = f, for some f? = f & e. Hence
(fa)a" = (fa)a""', where fa 8 aa”'a = a. By Lemma 4.8, this implies that a € E{
and so (1) holds.

Now a € N,, b € N, implies that ga = g and hb = h for some g> = gdaa™',
h? = h§bb~". Then

(a7'ga)a'=a"'g=(ga) ' =¢
where a”'gada 'aa " 'a = a”'a. Thusa™! € N,. Also, since N C E{,
ghab = (ga)(hb) = gh
where gh 8 aa~'bb™' = abb™'a™' = (ab)(ab)~". Since
(ab)(ab) ™' = abb~'a~' = aa” 'bb~"
and
(ab) '(ab)=b"'a"'ab=a"'ab"'b=aa"'bb"",
we have ab € H,, where e = aa~'bb™ ', and so ab € N,. Thus (2) holds.
1

Next, let a and g be as above and x € S. Then (x ™ 'gx)(x " 'ax) = x 'gax = x " 'gx
where

x 'gxdxlaax = xlaxx"'a7'x = (x 7 lax)(x " lax) .

Therefore (3) holds and N is the kernel of an idempotent separating congruence T,
say.

For the next part, we need to know that r C 8. Let x € kert = N, say x €N,
where e = xx~'. Then for some f8 e, fx = fand so

x=xx""x8fx=f.

Thus x € ker & and ker 7 C ker 8. Since 7 is idempotent separating, it follows that
T C 6.

Finally, we show that 7 satisfies (L). Let x and y be such that xy” rxy"~! and
x 8 y. Since 7 C 8, it follows from this that y"*!8 y” and, since 8 is a P-congruence,
y28y. Hence x, y, x~', y~! and yy~! are all §-equivalent. On the other hand,
xy" xy""! implies, since 7 is idempotent separating, that xy” = hxy"~' for some
h € N,, where e = (xy")(xy")~'. Then there must exist an idempotent f such that
f8eand fh = f. For this f, it follows that fxy" = fhxy" ' = fxy"~!, where

fxdex=(xp")(xy") 'x8y
since x, y and yy~' are all 8-equivalent. Therefore, by (K), y € E{ and so y € H,,
for some g € E.
Furthermore, it follows from fxy" = fxy" ! that

(ynA lx—- Ifxyn— 1 )y — yn— x~ If.Xy"_
where, again since x, y and yy~ ' are §-equivalent,

yn—lx-' lfxynflsyy*-l'
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Hence y € N, and so y* 1y, as required. Therefore, 7 satisfies (L), the proof of the
lemma is complete and also the verification of Theorem 4.7.
The next result relating to y; and (R ) is parallel to Lemma 4.4 on (v,,,)™" and

(Qn )

LEMMA 4.11. Let y be a P-congruence on S. Let p be a congruence on S such that
P C Ymin- Then the following statements are equivalent.

(1) There exists a positive integer n such that p satisfies (R)).

(2) For all positive integers n, p satisfies (R)).

(3) P € [¥35 Yminl-

Proor. Clearly (2) implies (1) and, by the minimality of y;, (1) implies (3). Now
let (3) hold and let n be a positive integer. Let x, y € S be such that xy” p xy" ! and
xyy. Since p C ¥pmin C7v» »""'yy". By hypothesis y*yy. Since y/y,;, is an
idempotent separating congruence and xy = yy = y2y it follows, as in Lemma 4.4,
that y?y,,,, ». Hence y?y, y and so ey y; ye, for all e € E. Since y; C p, we have
that ey p ye, for all e € E. Thus p satisfies (R ), as required.

Notation 4.12. In the light of Lemma 4.11, for any congruence p C v,,,, Wwe may
work with the simplest implication, viz. with (R,), and denote it by (R):

(R) xypx,xyy,e€E = eypye.

LEMMA 4.13. Let y be a P-congruence on S and let p be a congruence on S satisfying
either (Q) or (R). Then p is a P-congruence. This holds, in particular, for p = (y,,,)™"

orp= ((Ymin)min)nﬁn'

PrOOF. Since (Q) and (R) have the same hypotheses but (R) has the weaker
conclusion, it will suffice to establish the result under the assumption that p satisfies
(R). Let y € S be such that y*p y2. By (R), this implies that ey p ye, for all e € E.
Therefore yp € Eg/,§ and so, in particular, yp lies in a group JC-class of S/p. But
(yp)* = (yp)? and therefore y2 p y and p is a P-congruence.

5. The min network.
DEFINITION 5.1. On S we define inductively the following two sequences of
congruences:

ayg = w = B,
a, = (Bn—l)min’ IBn = (an*l)min forn=>1.

We call the aggregate {a,, 8,)7-, together with the inclusion relation for con-
gruences, the min network of congruences on S.

We shall see presently that the min network is related to the following family of
implications.

DEFINITION 5.2. An inverse semigroup S might satisfy one of the following
implications:

(A x=yi(A):x 'x =y 'y (A,): y € ES;

(A,):xy =x,xB,_ 3y =y € E{,n=3;

By):x=y;(B):y EE;
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B):xy=x,xB, ,y=yEE,n=2
The next few results develop some basic facts about the min network.

PROPOSITION 5.3. For n = 1, we have o, |, N B, | = a, V B,.

PROOF. Letp = a,,_, N B,_;; then

tI'p = tr(an—l N Bn—l) = t'ran—l n trBn—l

=tra, Ntra, =tra,,

kerp = ker(a,_, N B,_,) = kera,_, N kerB,_,
= kerB, N kerB, , = kerB,,

which implies p_;, = @, and p™" = B,. Hence, p = p_,;, VV p™" by Lemma 2.4 yields
Qpy— n Bn—l =a, 4 Bn'

COROLLARY 5.4. The min network, together with the intersections of corresponding
pairs, is a sublattice of A(S).

The first few levels of the min network are depicted in Diagram 1 together with
some relationships and alternative characterizations.

Recall that S is said to be E-unitary if ey = e for some e € E implies that y € E.
Equivalently S is E-unitary if and only if it satisfies the implication xy = x = y? = y.

We now come to the main theorem.

THEOREM 5.5. (1) a,, is the minimum congruence p on S such that S /p satisfies (A ,);
moreover, o, is a P-congruence.

(2) B, is the minimum congruence p on S such that S /p satisfies (B,); moreover, B, is
a P-congruence.

ProOF. We will first observe that the theorem is true for n = 0,1 and 2 and then
complete the proof with an induction argument.

For n = 0, we have ) = B, = w, while 4, and B, both require that the factor
semigroup be trivial. Hence the result is trivial in this case.

The assertion of the theorem for a, follows directly from the fact that congruences
with universal traces coincide with group congruences. In particular, a; = (By)pin =
w.in = 0, the least group congruence.

The claim of the theorem for B8, follows from the fact that congruences with
kernels equal to S coincide with semilattice congruences. In particular, 8, = (a,)™"
= ™" = 5, the least semilattice congruence.

For the case n = 2, we have a, equal to the minimum congruence with the same
trace as 8, = u, the minimum semilattice congruence. Clearly a, must be a semi-
lattice of groups congruence and so contains », the minimum semilattice of groups
congruence. But » has the same trace as 1 and so a, C ». Therefore a, = » and so is
the minimum congruence on § such that the factor semigroup satisfies (A, ).

For the last special case, we have that 8, is the minimum congruence with the
same kernel as o. It is routine to verify that 8, must, therefore, be an E-unitary
congruence. Hence B8, D =, the minimum E-unitary congruence. However, it is easy
to see that ker 7 = ker o, and so by the definition of 8, we must have # C $,. Thus
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B, =1 = (F*nL)*

Xy = x=y €E

(L*nF)* n (F*nL)*

((F*nL)*nF)* = o By = ((L*nF)*nL)*

3

Xy = x=y € EC Xy =X, XxMy=y €E

Xy = X, a,

xmMy=y €EC xny=y €E

DIAGRAM 1
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B, = =, the minimum congruence p such that S/p satisfies (B,) (see the remark
preceding the theorem).

It is a simple matter to verify that each of the specific congruences p = w, o, 7, »
or 7 is a P-congruence.

Now suppose that n = 3 and that the theorem is valid for smaller integers. Then,
by the induction hypothesis, 8,_, is a P-congruence. Hence we can apply Theorem
4.3 with y = B,_, and deduce that 8, is the minimum congruence p on S such that
S/p satisfies (B,). It follows directly from (B,) or from Lemma 4.13 that B, is a
P-congruence.

Similarly, applying Theorem 4.7, with y = B, _; we obtain that S /«,, satisfies (A )
and from Lemma 4.13 that «, is a P-congruence.

COROLLARY 5.6. Let p = N *_ a,. Then p = N _ B, and p is a P-congruence.

PrROOF. The equality p = M _ B, follows from Proposition 5.3. From Theorem
5.5, a,, is a P-congruence and it follows readily that p also is a P-congruence.

6. Further properties of the min network.

PROPOSITION 6.1. The following conditions are equivalent for n > 2.

(1) S is a subdirect product of a semigroup U satisfying (A,_,) and a semigroup V
satisfying (B, _ ).

(2) S satisfies (A ) and (B,).

(3) S satisfies the implication

uz =u, uB, sz

2 —
Xy = X, X n—Zy}:zy .

where for n = 2 the first part of the hypothesis is omitted.

PRrROOF. (1) implies (2). Let « and B be the congruences on S induced by the
subdirect product in the hypothesis. Then S/a satisfies (A,_,) and S/B satisfies
(B,_,) and a N B = &. By the ninimality of «,_, and B,_, established in Theorem
5.5, we conclude that a, , C « and B, , C 8. Hence a,_, N B,_, = ¢, which by
Proposition 5.3 yields a, VV B8, = &. But then a, = 8, = ¢ and, hence, by Theorem
5.5, S satisfies both (A ) and (B,).

(2) implies (1). Theorem 5.5 gives that a, = 8, = ¢ by the minimality of these
congruences. By Proposition 5.3, we gete = a, V 8, = a,_, N B,_, and thus S is a
subdirect product of S/a, | and S/B,_,, where the first satisfies (A,_,) and the
second (B, _,), by Theorem 5.5.

(2) implies (3). Assume uz = u, uB,_;z, xy = x, x 8,_, y, with the convention for
n = 2. From (A ) we get z € E{ and from (B,) we have y € E so that zy? = yz.

(3) implies (1). Assume xy = x, x 8,_; y with the convention for n = 2. Then for
e € E, we have ee = e and ef, ,e so that the hypothesis yields ey? = ye. In
particular, fore = y "'y and e = yy~!, we obtain y = y~ 'y and y2 = y?y !, whence

y=y" Yy =y 'y y=y Y=y )
=(y y)w ') €E.
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Green [1] introduced the following relation on any inverse semigroup S:
a%beab”' € Eq.
The next theorem exhibits several relationships among congruences on S, the

relation ¥ and Green’s relation £, and has a number of interesting consequences.

THEOREM 6.2. The following statements concerning congruences p and & on S are
valid.
() If trp C tré, then

(A) PV €nin = Emin P Emin>

(B) apVé.beoaepbe, eta'atb 'b forsomee € E.
(2)If p C &, then

(© PV &min = (£ pF)*,

(D) p Vg™ = (&N pL)*.

PROOF. (1) Assume that trp C tré. The inclusion &, p {0, C o V &, 1S ObVI-
ous. For the opposite inclusion, it suffices to show that p §,.. p C &, p §..;,- Hence
leta,b,c,d € Sbesuchthatapbé, , cod Thena 'apb 'band thusa 'a b 'b.
Likewise ¢ 'céd'd. Also, be =ce and eéb 'béc™'c for some e € E. Thus
eta 'atd 'dand

ae p be = cep de,
which implies that a £, aep de £, d. Consequently p & .. p C & 0 € nin» and the
assertion follows.

Next let ap V £, b. Then (A) yields a §,;, cp d &, b for some ¢, d € S. Hence
for some e € E, we have ae = ce and e £ a” 'a £ ¢~ 'c. Likewise, for some f € E, we
havedf = bfand f¢d 'd ¢ b~ 'b. Now ¢~ 'cp d~ 'd and so, by hypothesis, ¢ 'c £d~'d.
Therefore e £ f and we have

aef = cef p def = bef
whereef £a 'aé b 'b.
Conversely, if ae p be and e £ a'a ¢ b~ 'b for some e € E, then
aémin aepbe i, b,
which by (A) givesap V &, b.

(2) Assume that p C &. Since & contains the diagonal, we have p C £ N p% and
thus p C (¢ N pF )*. Finally tr¢ C tr(¢ N p% )* and so &, C (£ N pF)*. Conse-
quently p V & . C (£ N p%)*.

For the converse, let a¢ N p% b. Then a 'a¢b 'b and so a lap V &, b7 'b.
Also apx 5 b, for some x € S. Hence ab 'pxb™ ' € E, by the definition of ¥.
Thus ab™'p V £, e where e = xb~' € E. In the light of Lemma 2.2, we conclude
thatap V £, b. It follows that (£ N pF)* C p V &

The hypothesis implies that p C ¢ N pf and thus p C (£ N pL)*. Let a § e where
e € E. Then a £ a”'a which, together with a £ a™ 'a, yields a ¢ N pf a ™ 'a. It follows
that a(¢ N pL)*a 'a, which implies that ker £ C ker(¢ N p£)*. By the minimality
of £™" we conclude that £™" C (¢ N pf)*.
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For the opposite inclusion let ¥k be a congruence on S such that p C k and
¢min C k. Letting § = k N £, we obtain p C 6 and

ker &£ = ker £™" C ker(k N &) = kerk N ker§ C ker ¢

so that ker £ = ker§. Now let a¢ N pR b. Then aéb and apx, x 'x = b~ 'b for
some x € S. Hence ab™ ' £ bbb ! which gives ab~! € ker¢ = ker, and a 'lap b~ 'b
which implies a~'a 6 b~ 'b. In view of Lemma 2.2, we conclude that a @ b. But then
also ak b, which shows that £ N pf C k. Consequently, (¢ N pL)* C k and, in
particular, (§ N pL)* C p \V £min,

REMARKS 6.3. The results in Theorem 6.2 reduce to a number of interesting special
cases as follows:

Item (A) in the case £ = w gives p V 0 = opo, which is due to Howie [3, Theorem
3.9].

Item (B) in the case p = ¢ yields

at . beoae=be, eta'atb b,

which was established by Reilly and Scheiblich [10, Theorem 4.2]; thus (B) can be
viewed as its generalization.

Consider now item (C). For ¢ = w we get the formula p V ¢ = (p% )* and for
p = &, the formula £ ;. = (£ N %)*. The conjunction of these two conditions gives
o = %*, proved by Green [1, Proposition 2.3].

Finally consider item (D). For £ = w, we get p V n = (pL2)* and for p = ¢, we
have £€™i" = (¢ N £)*. The conjunction of these two conditions yields n = £* which
is due to Howie and Lallement [4, Theorem 1.6]. In the case p = ¢ and £ = o, we
obtain ¢™" = (¢ N £)*, according to Theorem 4.3, 0™" = (w,; )™" is the least
E-unitary congruence on S. Hence (o N £)* is the least E-unitary congruence, a
result proved by O’Carroll [6, Theorem 2]. For the case p = ¢ and £ = », where v is
the least semilattice of groups congruence, we get by (D), that »™" = (» N £)*.
According to O’Carroll [7, Proposition 2], (» N £)* is the least strongly E-reflexive
congruence. Since » = a,, we obtain by Theorem 5.5 that »™" = B, is the least
congruence which is a semilattice of E-unitary semigroups. Thus we deduce that
strongly E-reflexive inverse semigroups coincide with semigroups which are semi-
lattices of E-unitary inverse semigroups, a result due to O’Carroll [7, Theorem 1].

A further consequence of the theorem follows.

COROLLARY 6.4. Each of the classes defined by the implications (A ,) and (B,) is a
quasivariety.

PROOF. According to Theorem 6.2, p... = (p N % )*, so the relation a p,,;, b can
be expressed in terms of a finite number of equations and the relation p. The same
type of statement is valid for p™". The classes defined by (A,), (A)), (B,), (B,) are
even varieties. Hence by Theorem 5.5, an inductive argument can be used to prove
that any (A ) and (B,) can be given by a system of implications, since for n = 3,
(A,) and (B,) are defined by means of 8,_; and B,_,, and these can be obtained
from a,_, and a,_; by the procedure mentioned above.
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It would, however, be desirable to have a simple inductive formula for implica-
tions defining (A ) and (B,). For example, we have

B,: x = y (trivial semigroups),

B,: y? = y (semilattices),

B,: xy? = xy = y? = y (E-unitary),

By: (xp)* = xy =; (yx)2 =yx, e = €2, (exy)* = exy = (eyx)? = eyx (strongly E-
reflexive inverse semigroups, see [7]).

For a given congruence p we may ask for the least congruence containing p and
having one of the properties characterizing the congruences in the diagram. For o, 1
and » this is simply the supremum o V p, 7 V p and » V p since three congruences
represent varieties. We give below an expression for the least E-unitary congruence
containing p (its existence was established in the proof of [9, Theorem 6.1]).

PROPOSITION 6.5. For any congruence p on S,

7, = (opa N pL)* = ((p Vo) NEpL)*
is the least E-unitary congruence containing p.

PRrOOF. In view of the correspondence of congruences on S containing p and the
congruences on S/p, we conclude that the least E-unitary congruence on S contain-
ing p is given by

am,b < apmg,, bp.
Recall from Remarks 6.3 that # = (¢ N £)*. It thus suffices to prove
a(opo N EpL)*b = ap(os/p n Bs/p)*bp
and for this, it is enough to show
a(opo N LpL)b < ap (o5, NLg,)bp.
For this, it is further sufficient to show the equivalences
(1) aopab = ap o, bp,
(2) alpl b =apkly, bp.

Let aopo b. Then aoxp yo b for some x, y € S, whence ae = xe, xp y, yf = bf
for some e, f € E. Hence ag p bg, where g = ef so that (ap)(gp) = (bp)(gp). where
gp € Eg, and, thus, ap o5, bp.

Conversely, let ap o5, bp. Then for some g € E, we have (ap)(gp) = (bp)(gp) so

that agp bg. It follows that aoagpbgob and thus aopsb. This verifies (1).
Formula (2) is verified similarly.
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